Abstract-Portfolio Selection as introduced by Harry Markowitz laid the foundation for Modern Portfolio Theory. However, the assumption that underlying asset returns follow a normal distribution and that investors are indifferent to skew and kurtosis is not practically suited for the hedge fund environment. Additionally, the lockup and notice provisions built into hedge fund contracts make portfolio rebalancing difficult and justify the need for dynamic allocation strategies. Market conditions are dynamic, therefore, rebalancing constraints in the face of changing market environments can have a severe impact on return generation. There is a need for sophisticated yet tractable solutions to the multi-period problem of hedge fund portfolio construction and rebalancing. In this paper, we generalize the hedge fund asset return distribution to a multivariate K-mean Gaussian mixture distribution; model the multi-period hedge fund allocation problem as a Partially Observable Markov Decision Process (POMDP); and propose practical rebalancing strategies that represent a convergence of literature on hedge fund investing, regime switching, and dynamic portfolio optimization.
I. INTRODUCTION
This paper presents a new methodology for the finite time hedge fund asset allocation problem in the presence of multiple market regimes. We model the problem as a partially observable Markov decision process (POMDP), where the choice of action does not directly affect the state transition probabilities. This problem is of particular interest because of the curse of dimensionality issues introduced by lockups to the problem specification. We provide two approximation techniques: Path Enumeration Approximation (PEA) and Bounded Path Enumeration Approximation (BPEA) to handle larger scale problems. For smaller scale problem we provide a solution technique that is based on the Pursuit Algorithm [2] called SPEA, a learning automaton in a feedback connection with a simulated environment.
We define hedge funds as pooled investment vehicles that can take long and short positions, trade derivatives, use leverage, and invest in almost any opportunity in any market where they anticipate impressive gains at reduced risk [3] . There are key structural risks unique to hedge fund investing: limited transparency, complexity, leverage, liquidity, and a high operational component. These can all have significant impacts on risk adjusted performance [4] . Our specific focus in this paper is on the impact of liquidity provisions on D. Cru is with the Department of Applied Mathematics and Statistics, State University of New York, Stony Brook, NY 11794, USA portfolio allocation and optimization. Fee effect is mitigated by using net as opposed to gross returns. Transparency, complexity or leverage are considered implicit to hedge fund performance and are mitigated somewhat in this analysis by the use of broad benchmarks.
Lockup provisions are classified into "Hard" and "Soft" locks. A "Hard Lock" requires that all initial monies allocated to the fund may not be withdrawn before the end of a pre-specified duration, or, lockup period. A "Soft Lock" generally imposes a fee penalty for early redemption. In our analysis we focus specifically on "Hard Locks" which we define as a "no-trade" region following an initial investment in a fund.
We consider a risk-averse investor that makes a decision in each successive time period with the objective of maximizing the utility of his terminal wealth X T [5] . Let X 0 denote the initial wealth of the investor. X t is defined to be the wealth of the investor at the beginning of time period t. We generalize the problem under the existence of K regimes S = {1, ..., K}; the regimes are macro states, such that, all of the N risky assets are in the same regime at any given time t. S t represents the regime at time t. I t (i) is an indicator function which evaluates to 1 if S t = i and 0 otherwise. We use a matrix Q to represent the transition matrix, whose (i, i )th entry q i,i corresponds to the one step stationary transition probability from regime i to i . At each period, the investor is given the option of investing in N risky hedge fund assets with corresponding rates of return in excess of a risk free asset with constant return r f . Thus, the wealth of the investor evolves according to the following dynamics
where r i,j,t is the return of asset j in regime i at time t, and w j,t ∈ [0, 1] is the weight allocated to the j th risky asset at time t. Note that at time t, I t (i) is not known with certainty and the transition probability from one regime to another is uncontrollable, i.e., unaffected by the choices of weights. The objective is to maximize the expected utility of the terminal wealth X T given an initial wealth x 0 over the set of all admissible weights W := {w 1,1 , ..., w j,t , ..., w N,T }:
where E[·] is understood with respect to the distribution of returns and regime transition probabilities. The rest of this paper is structured as follows: section II introduces the No Lockup model and its equivalent belief MDP formulation; section III generalizes the model to ac-count for lockups; section IV discusses the approximation techniques for solving the MDP model; section V contains numerical results from out of sample back-tests on the model and section VI concludes the discussion.
II. NO LOCKUP MODEL
Let r t := (r 1 , . . . , r N,t ) be the returns of the N assets at time t. Given the current regime S t = i, we assume that r t follows a multi-variate normal distribution N ( µ i , Σ i ), where µ i and Σ i are the respective the mean returns and covariance matrix in regime i. Thus, the return of a portfolio of N risky assets with allocation w t = (w 1,t , ..., w N,t ) at time t follows a Gaussian mixture distribution [8] . We also assume that the return generating distributions are independent of the regime switching mechanism. Let G t (S t ) = K i=1 N j=1 (r i,j,t − r f )w j,t I t (i) represent the excess returns of the portfolio over the risk free rate r f given the current weights w t at time t. Then conditional on the regime in the previous time step t − 1, G t (S t ) also follows a Gaussian mixture distribution with mixing components equal to the one step transition probabilities in matrix Q. We end up with the following return representation:
Given an initial distribution of S 0 , the objective of this multiperiod asset allocation problem is the following:
where R(i, w t ) = (1 + r f + G t (i)) α is the immediate cost at regime i under action w t with α ≤ −1 being a constant. Note that the choices of actions w t do not influence the regime transition function, which is governed by the transition probability matrix Q. Moreover, at each time t, the current regime/state S t is only observable through the information contained in the returns of the N assets up to time t, r 0:t = { r 0 , . . . , r t }.
In the special single-regime case, i.e., K = 1, the above cost criterion (4) reduces to maximizing the expected CRRA utility of the terminal wealth X T , cf., e.g., [9] :
To see this, note that from (1) the terminal wealth X T can be written as
where S t ≡ S t−1 for all t. Thus, since α ≤ −1, maximizing E[U (X T )] subject to the initial wealth X 0 is equivalent to minimizing
where the interchange of expectation and product follows from the assumption that the asset returns are generated independently across time.
A. No Lockup Belief MDP Formulation
Let F = {f 1 , . . . , f N } be the set of N available risky assets. Since given regime i, the returns of all N assets follow a normal distribution, each asset f j in F is characterized by a mean return vector µ j := (µ i,j , . . . , µ K,j ) and variance σ j := (σ 1,j , . . . , σ K,j ), where µ i,j and σ i,j are the mean return and variance of asset j under regime i. We allow a choice of allocation to a combination of any of the available N assets. Under the No Lockup condition, the set of admissible actions A t available at time t is the collection of all N -by-1 weight vectors w t with each entry w j,t ∈ [0, 1].
Since the regime is not directly observable, the preceding problem can be reformulated into a fully observable MDP by introducing a "belief state" B t (i) = P (S t = i| r 0:t ) for i = 1, . . . , K, which is a probability distribution on the regime space. Let φ(r| µ i , Σ i ) be the probability density function of the normal distribution N ( µ i , Σ i ) and assume that the required distribution B t−1 is available at time t − 1. At time t, a new observation r t becomes available; this may be used to find B t via the Baye's rule:
The cost function becomes
III. LOCKUP MODEL
Unfortunately, many hedge funds have Lockup Restrictions that make rebalancing difficult and restrict the set of available actions. For the purpose of this work we introduce two new parameters to the fund specification: a lockup length vector L j and a minimum allocation parameter M j . We define the Lockup as a "no-trade" region following an initial allocation to a fund. In the model, once a fund has exited a lockup it can no longer re-enter the Lockup. Furthermore, we define the minimum allocation as the minimum amount required to initiate an investment in a fund. Thus, under this generalized setting, each risky asset f j ∈ F is characterized by a tuple
The scalar integer quantity L j represents the lockup duration in periods for fund j. The addition of this lockup parameter expands the scope and complexity of the multi-period asset allocation problem and requires state-space augmentation techniques to be modeled effectively.
Recall that each state in the regime space S is in one of K regimes at each time t ≤ T as follows: S t ∈ {1, ..., K}.
In addition we add three parameters. The first l t is a column vector of size N that represents the lockup time remaining in funds at time t, each l t is in the set Λ of all possible lockup combinations. Each row j of l t is defined as follows: l j,t ∈ {0, 1, ..., L j }. The second parameter is the aggregate wealth at time t, X t . Finally, we add the weights w t . The new state variable S L of our model at time t is given by:
For the purpose of end period liquidity at time T , we enforce the condition that l j,T ∈ {0, L j }; an l j,T value of 0 indicates that fund has successfully exited the lockup period prior to time T , similarly, a value of L j indicates that the fund received no allocation prior to time T . In addition to providing sound economic justification, the condition limits the number of plausible paths thereby limiting the size of the state space. The choice of admissible state pair (S L t , S L t+1 ) constrains the weights w t at time t.
A. Lockup Dynamics
The system dynamics are modified by the addition of the lockup vector into the state space specification. Unlike the regime transition mechanism, the choice of action A t effects the lockup state transitions l t . If the lockup entry corresponding to fund j at time t − 1 is equal to L j and there is no allocation to fund j, then the jth entry of the lockup vector at time t remains equal to L j . If there is an allocation that meets the minimum balance constraint at time t, then the process will move sequentially from L j to 0 from t to t + L j ; during this period the admissible action set is constrained so that no adjustment can be made to fund j. Once the fund passes through the lockup process, then the allocations can be modified freely. Thus,
During the lockup period for fund j, no action can be taken that direct changes the allocation to fund j, however, the allocation can be changed indirectly due to the wealth dynamics of the system. At a given regime i, if the fund is in lockup then the allocation to fund j at time t + 1 will be equal to the proportion of its total wealth allocation at time t + 1 as follows:
As we see the relationship above forces a constraint on the action set. In order to accommodate this constraint and model this problem as a standard MDP we can separate the weights into actionable and non-actionable components.
B. Splitting the Weights
We split the weights into two components. The first component w l t is the non-actionable component that represents the drift in allocations given that no action is taken. The second component w a t represents the actionable component that can be directly manipulated.
In order to determine the set of admissible actions A t at time t, we need a method to select between the components of w t . To facilitate this purpose, we introduce a new parameter l a j,t that takes a value of 1 if fund j is in its lock period and 0 otherwise. Adding this parameter to the wealth dynamics allows us to switch between the actionable and non-actionable weights as follows:
We combine each of these components to form the new problem formulation.
C. Lockup Formulation
We extend the POMDP model in section II, where the new state S L t at time t is defined as:
The new action set A L is defined to include only those actionable weights. The regime transition in S t is governed by the transition matrix Q. For each asset f j ∈ F , we also define a function λ j to describe the transition dynamics in the lockup component l j,t of the state variable:
where
The change in wealth X t is determined by a function χ:
In addition, for asset f j ∈ F , the function j characterizes the dynamics of the non-actionable weight w l j,t as follows:
IV. ALGORITHMS
We fit the model parameters µ i , Σ i , and Q matrix using the Baum-Welch (Forward Backward) algorithm to the historical matrix Ω of returns in excess of the Risk Free Rate r f . Assuming the number of historical data points is T Ω , the size of Ω is N × T Ω . The most significant issue in modeling this problem is the size of the lockup component in the State Space, which is approximately on the order of (T + 1)
N . Let P be the set of all admissible paths for N funds from time 0 to T , and p ∈ P be an admissible path in the set such that p = { l 0 , l 1 , ..., l T }. For small problems, we can enumerate each of the admissible path sequences. The number of possible paths is:
N . We are able to constructs and refine bounds on the optimal solution: initially we can solve the no lockup problem to create a lower bound on the optimal solution; solving the Path Enumeration Approximation (PEA) gives an upper bound; we can refine that upper bound and eliminate ineligible paths with the Bounded Path Enumeration Approximation (BPEA); and finally, for appropriately sized problems, we provide an adaptive learning algorithm solution.
A. No Lockup Lower Bound
The lockup formulation is a generalization of the no lockup case. It is thus possible to provide a lower bound (denoted by Z L ) on the optimal solution denoted Z * by solving the following approximation to the no lockup problem. where µ Gt = (µ Gt,1 , . . . , µ Gt,N ) is the mean vector of the excess return G t , which follows a Gaussian mixture distribution for a given w t as described in Section II. The above approximation involves using a first order Taylor expansion of the objective function (4) around µ Gt . We can use the solution to this problem to assess the quality of our approximations in the following sections.
B. Path Enumeration Approximation
It is possible to iterate over all admissible paths in the set P and establish an approximation to the optimal solution, we call this the path enumeration approximation (PEA) and it is identical to the certainty equivalent approach. For each path p ∈ P the lockup state transitions from 0 to T are deterministic and therefore l t and l a t are constants over each p. Additionally, we can define an K × T matrix IA where its (j, t)th component is given by: IA j,t = 1 if an initial allocation to fund j was made prior or at time t and 0 otherwise. Let Y i,t := B t (i) and Q t i,i be the t step transition probability from i to i . We can expand on the problem in order to account for the constraints imposed by the fund lockup parameters as follows:
Let Z A (p) be the solution to the above problem for all p ∈ P , the best approximation to Z * is given by: Z A := min p∈P Z A (p).
C. Bounded Approximation
In the previous case the expectation operator gives us a forecast of the regimes probabilities Y given an initial forecast on Y 0 . We can, however, refine our lower bound on Z * by including Y in the objective function for each given p in the example above as follows:
D. Path Elimination
We can use the results from the bounded path approximation to filter P. Under Z A we make the decision at time 0 about which path we are going to choose and do not deviate from that choice regardless of the information available at time t. Under Z B we assume that all information about {S 0 , S 1 , ..., S T } is available at time 0 such that:
The second inequality implies that the solution to Z B is infeasible, this is because Z B requires that the regime transition {S 0 , S 1 , ..., S T } be fully specified at time 0. For any two paths
We can generalize this as follows:
We can use the candidate set P * and adaptive decision making to arrive at an optimal discretized solution for Z *
E. Adaptive Simulation
We can use simulation and an adaptive learning algorithm called the learning automata pursuit algorithm [2] to arrive at a sub-optimal solution for the problem. In order to cast the problem in a format for the learning automata, we need a finite discrete representation of the action space. A fund can be in one of three distinct states with respect to its lockup:
• Unallocated: prior to an initial allocation the weight with respect to that fund w j,t must be equal to 0.
• Locked: after the initial allocation is made the weight can only change with respect to the wealth dynamics no direct intervention is possible.
• Unlocked: after the end of the Lockup Period all changes made to the weight of that fund are admissible subject to w j,t ∈ [0, 1]. Given that the action space is unrestricted with respect to fund j in the unlocked fund state and that this state is persistent with regards to the lockup dynamics then any decision made during this state does not need to made prior to entering this state. Therefore, the key questions are: when to enter fund j and what the initial allocation to fund j should be. We see that if we allocated all of the wealth at time 0, then a situation can arise at time t where an allocation to a new fund may have greater utility, if we have not left enough fluid capital then we would be unable to take advantage of that opportunity at that time. However, leaving too much in the risk free asset may yield a lower utility so the choice of initial allocation time and amount is very important. We can create an initial weight vector.
The combination of the initial weights and path p at time 0 allow us to select a weight vector w 0 and lockup vector l 1 . Though there are a finite number of paths p ∈ P * , the weight vector is continuous. In order to represent the action space in a finite, discrete way, we uniformly discretize the space into a finite number of distinct actions.
The first step of the Pursuit Algorithm is to seed the probability vector. We have a finite number of admissible actions and can estimate feedback from the system through simulation. We can use a modification to the PEA technique (Section IV-B) which we will call the Simulated Path Enumeration Algorithm (SPEA) with respect to all combinations of paths p ∈ P * and initial weight choices. We can now sample the probability matrix by selecting each admissible action with positive probability. The Pursuit Algorithm works through sampling the actions and getting feedback from the system. We can use a similar approach to sample the admissible actions and simulate a multivariate Gaussian Mixture time series matrix using the parameters Θ G and the Transition Matrix Q. We then proceed by applying the sampled action and updating the probability matrix in the usual way.
V. NUMERICAL RESULTS
We run two tests on the model: the first is a small example that consists of two hedge fund strategy indices and a broad market index (N = 3) ; the second is a larger scale model consisting of multiple hedge fund strategy indices (N = 6) and the S&P 500 Broad Market Index. In the first example we fit a (K = 3) Gaussian Mixture Distribution and examine the results over the following four time periods (T = 4). In the second example we fit a (K = 2) mixture and examine the results over the following two years of monthly periodic data (T = 24). We test the results against a number of Fund of hedge fund and Broad Market Indices as well as two Markowitz optimizations. The Markowitz optimizations proxy two strategies, one Risk Seeking and the other Risk Adverse. We assume the following:
• We have one million dollars to initially invest X 0 = 1000000 • Each fund requires 250K minimum investment M j = 250000 • The risk free rate is 1% annualized r f = 0.0842%
A. Equity Strategy Allocation (ESA)
In order to demonstrate the approach we use a three regime model, labeling one 'Regime 1', the second 'Regime 2' and the last 'Regime 3'. A multivariate Gaussian Mixture Model to the monthly excess returns of two Investible hedge fund Research (HFRX) Strategy Indices [11], HFRX Equity Hedge Index (EH), HFRX Equity Market Neutral Index (EMN) and the S&P 500 Index (SP). The returns are fit from HFRX index inception to the end of 2007 (Jan 1998 -Dec 2007). Given the Fitted Parameters Θ G = (µ 1 , µ 2 , µ 3 , Σ 1 , Σ 2 , Σ 3 ) and the regime probability matrix Y , P (S tΩ = i|Θ G , r tΩ ) we can use it to produce the transition matrix Q (see Table I ).
The next step is to model the Lockup State Space given the vector L. We see that given the Lockup vector L we are able to model 12 distinct paths each corresponding to a different sequence of Lockup State transitions l t . We use the assumption that the previous month's returns are available immediately at the start of each month. The transition probabilities at each time step are calculated based on the prior month returns and transition matrix Q such that
T Q. CRRA Utility (α = −20) Optimal Portfolios are constructed at each step through Myopic Single Period Methods and the portfolio returns are computed.
We see that the back tested results are superior to most of the component indices (see table: We run the (PEA) and (BPEA) Algorithms across the 12 paths and calculate the expected utility Z A (p) and upper bound utility Z B (p) for each path p. Using the results we are able to create an upper bound Z U on Z * as follows: Z U = min p∈P Z A (p) = −0.3164, we see that the optimal Z * ∈ [−0.5126, −0.3164]. The results (see fig:2 )) demonstrate that the eligible paths in P * are {p 1 , p 2 , p 3 , p 4 , p 5 , p 7 , p 8 , p 9 } which results in a 33.33% reduction in the number of paths. We use the new candidate path set P * as an input to the (SPEA) algorithm:
We can also see that the approximation algorithm yields p 4 as the highest magnitude path in terms of its utility Z A (p 4 ). We can confirm this result using the (SPEA) approach. The first step is to discretize the initial allocation vector. Given However, not all initial allocation, path combinations are admissible. In many cases the initial allocation do not satisfy the constraints imposed by the path. If we filter the initial allocation, path combination and impose a probability 0 of selection of an inadmissible action we reduce the size of the Pursuit algorithm action set. We can do this by eliminating combinations that with probability 1 don't satisfy Minimum Allocation Requirements, Lockup State Constraints or that would yield inadmissible weight vectors (
Filtering by admissible action combinations yields 1939 different initial allocation, path combinations that we can use to run the algorithm. This decreases the number of iterations required for convergence. We see that though initially the algorithm favors path p 5 the algorithm converges on path p 4 at iteration 40792 which has a higher Z A (p 4 ). The corresponding initial allocation choice ( w IA ) is shown in table III.
B. Hedge Fund Strategy Allocation (HFSA)
We perform a larger scale Strategy Based Optimization on a two regime model, labeling one 'Regime 1', the second 'Regime 2' by expanding the (ESA) model to include three We see the the HFSA algorithm outperformed all of the benchmark indices and the two Markowitz portfolios (see table: VI). It was however inferior to the HFRX Merger Arbitrage index which was the only index that produced a positive rate of return over that period. It was able to avoid allocating to Convertible Arbitrage and the S&P Index which were the two worst performing indices over the period. It was also superior to the ESA portfolio because of its ability to incorporate arbitrage strategies. Time aggregation eliminates admissible paths in P with initial allocation w IA within three periods of p ∆ . In order to find a solution to the (PEA) approximation for P we need to search over all admissible paths in the neighborhood of p ∆ . The path p exclusive. We see that there are only 9 paths that fit the criteria for eligibility in P * ; the (BPEA) utility of these paths are shown in figure 6. 
VI. CONCLUSIONS
In this paper, we proposed a model for the asset return dynamics under multiple regimes and a risk-averse utility function that is sensitive to higher moment distributions. We then cast the hedge fund portfolio problem as a partially observable Markov decision process (POMDP) by modeling the separate lockup and regime dynamics. We decomposed the allocation vector to contain both actionable and nonactionable components, the latter which was then modeled into the state space.
We developed a single period optimization problem to find a solution to the hedge fund portfolio allocation problem under the No-Lockup condition; generalizing this model to the multi-period case we were able to find a lower bound Z L on the optimal solution. By further generalizing the model to account for Lockups, we developed multiple approaches to approximate the optimal solution for various sizes of the state space. Initially, we developed the path enumeration approximation (PEA) algorithm which enumerates over eligible paths in the model and approximates the optimal utility Z * by solving a non-linear constrained optimization problem. By moving the state transition dynamics into the action set; we were able to create a path dependent bounded approximation technique (BPEA) that facilitated a finer approximation on Z * . Using (PEA) and (BPEA) results, we were able to filter the path set P to create a smaller candidate path set P * . We then developed a version of the adaptive learning automata algorithm to find the optimal action choice.
We performed out of sample tests on both a small (ESA) and a large scale (HFSA) problems over the 2008-2009 hedge fund market. We compared the results against the HFRX Hedge Fund Indices and two Markowitz Portfolios, one Risk Seeking (MRS) and one Risk Adverse (MRA). We saw that over the 2008-2009 period, the ESA and HFSA algorithms compared favorably against their peers significantly limiting downside risk on the portfolios during these turbulent markets.
Our main contribution is that we developed an approach to address the problem of Hedge Fund Asset allocation for a finite time investment horizon. We addressed minimum allocation constraints, lockups and homogeneous notice period issues against an environment that transitioned through multiple economic regimes. Finally casting the problem as a Markov decision process (MDP), we developed and combined multiple techniques to approximate the optimal solution for different scales of the problem.
